The unboundedness of certain minimal submanifolds of positively curved Riemannian spaces  by Itokawa, Yoe & Shiohama, Katsuhiro
Differential Geometry and its Applications 1 I ( 1999) 97-l 04 
North-Holland 
www.elsevier.com/locateldifgeo 
The unboundedness of certain minimal 
submanifolds of positively curved Riemannian 
spaces 
Yoe Itokawa ’ 
Fukuokr Institutc~ of T?chnolog~. 3-30-I Wajiro-HiRclshi, Hipshi-Ku, Fukuokn 81 l-0295 JLI~III 
Katsuhiro Shiohama 2 
Saga Uniwrsir?; 1 HmjA-Chri, SapShi, Saga 840-8502 Japan 
Communicated by K. Fukaya 
Received 17 March I998 
fZhstmc,r: We prove that a minima1 immersion of a complete Riemannian manifold A4 into another complete 
noncompact Riemannian manifold N of positive curvature must have an unbounded image provided that M 
has scalar curvature bounded away from --oo. This extends the unboundedness theorems of Gromoll and 
Meyer for complete geodesics and of Galloway and Rodriguez for parabolic minima1 surfaces. Furthermore. 
we prove that in case M is of codimension I, only the Ricci curvature and not necessarily the full sectional 
curvature of the ambient space N need be positive in order for the same conclusion to hold. 
K+words: Minimal submanifolds, Riemannian manifolds, sectional curvature, Ricci curvature. scalar cur- 
vature. 
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0. Introduction 
In [ 1 I], Jorge and Xavier proved that complete minimal surfaces with bounded Gauss cur- 
\‘ature in Iw” are unbounded in the sense that their images cannot be contained in any relatively 
compact region of the ambient space. This result may be thought of as an extension of the 
classical Cauchy-Liouville theorem in the complex function theory to the geometry of min- 
imal surfaces. Similar results have caught the attention of many mathematicians. Previous to 
the above, Gromoll and Meyer proved in [5] that complete geodesics in complete noncompact 
Riemannian manifolds of strictly positive sectional curvature are also unbounded. This was 
in response to a problem raised by S.S. Chern. In particular, there are no closed geodesics in 
such manifolds. The purpose of the present paper is to consider similar problems in arbitrary 
dimensions. 
Let M and N be complete Riemannian manifolds of dimensions y1 and II + k respectively. 
Our main result is: 
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Theorem A. Suppose that N has strictly positive sectional curvature and that the scalar 
curvature of M is bounded from below away from --00. Then, any minimal immersion of M 
into N has unbounded image. 
In the case of hypersurfaces, we can relax the curvature condition of the ambient space 
somewhat. 
Theorem B. Assume that the codimension k of M relative to N is 1 and that N has strictly 
positive Ricci curvature. Then, provided that the scalar curvature of M is bounded away from 
-00, the same conclusion as Theorem A holds. 
The fact that there are no compact minimal submanifolds in Riemannian manifolds of pos- 
itive curvature has been known for some time. The second named author’s [16] seems to be 
the first literature where this fact appears explicitly in print. For compact hypersurfaces in 
manifolds of nonnegative Ricci curvature, Kasue [14] and Meyer [15] obtained results which 
correspond to the rigidity case of the result in [ 161. More precisely, the ambient manifold splits 
off a half-line under the existence of a compact minimal hypersurface, provided the Ricci curva- 
ture of the ambient manifold is nonnegative instead of strictly positive. See also the first named 
author’s [7] for a generalization. In Galloway and Rodriguez [4], parts of the consequences 
of these results were also found to hold for compact minimal submanifolds in manifolds of 
nonnegative sectional curvature. 
Rigidity results are also known for unbounded minimal submanifolds in selected special 
cases. Galloway and Rodriguez [lot. cit.] describes such a result for bounded minimal surfaces 
of parabolic type in ambient spaces of nonnegative sectional curvature. Previous to all of these, 
the rigidity aspects of the aforementioned Gromoll-Meyer theorem for unbounded geodesics 
were discussed in Cheeger and Gromoll [2]. 
We also point out that, curiously, unboundedness results for minimal submanifolds are also 
known under the opposite curvature condition for the ambient space. For example, Jorge and 
Koutroufiotis [IO] and Jorge and Xavier [ 121 proved the unboundedness for minimal sub- 
manifolds with scalar curvature bounded away from -co in simply connected manifolds of 
nonnegative sectional curvature. This result is false without the assumption of the simple con- 
nectedness of the ambient space. 
On the other hand, there are some important negative results. Jones [9] found examples 
of complete bounded minimal surfaces in Iw 4. Even in I@, there are examples of minimal 
surfaces which are contained in the region between two parallel planes discovered by Jorge and 
Xavier [ 131. In all of these examples, the minimal surfaces possess Gauss curvature that diverge 
to -co. While these results do not provide formal counterexamples, they do suggest that, in 
our results, it would be very difficult, indeed possibly impossible to remove the assumption on 
the scalar curvature of M. 
The present work would not have been possible without helps from many different sources. 
The original ideas for the result all started from a long series of discussions the first named 
author had with Greg Galloway. The paper supersedes the first named author’s preprint [8] 
where geometric measure theory was used to obtain the same result as the present Theorem B. 
The authors wish to thank Mike Anderson, Detlef Gromoll, and Nobumitsu Nakauchi for 
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helpful suggestions and important information. Last but far from the least, we should not 
forget the debt owed to Blaine Lawson for some special favors provided to us during the 
research. 
1. Notations and outline of the proof 
Throughout the rest of this paper, M and N will be two complete Riemannian manifolds 
of dimensions y1 and R + k respectively of which N is noncompact. We will assume withour 
specific comments that all of our objects are in the P-category for an appropriately large r. 
We will not deal here with the problem of finding the specific value of Y and if in doubt, we 
can always assume r to be cc for simplicity. Also, we will take as a standing assumption that 
the scalar curvature scM of M satisfies 
so := infscM > --oo. (1.1) 
Let .f’ : M ---+ N be an isometric immersion. We denote the normal bundle of M in N bq 
7“ M. The second fundamental form of f is denoted /3 and will be viewed here as a section of‘ 
the bundle T" M @ T* M @ T'M. The mean curvature vector, i.e., the contraction of p in the 
two T* M indices, is denoted H. Where there is no danger of confusion, we will identify the 
objects associated to M with their images under f’. Thus, when we speak of a point p in M. 
we might actually mean the point f(p) E f(M) c N. Likewise, when we refer to “a subset Q- 
of T,, M" when what we really mean to say is the subset f*(o) of Tftr, N. 
Since we are concerned with more than one manifold, we need to distinguish between the 
various geometric invariants associated with the different manifolds. In general, we will be 
following the paper [3] for notations. In the following, the letter “X” may be replaced with 
either of the manifolds M or N. We denote by d” the distance function in the space X. On 
occasions, when we have a point q E X fixed, we wish to view dX(q, x) as a function of the 
argument point x. On such occasions. we will also write d,:(x) for the same quantity. Similarly. 
the injectivity radius in X at the point x is i’(x). The metric ball in X of radius Y and of 
center .r E X will be denoted B,:(r). Its closure is denoted BP(r)-. In general, the bar on the 
superscript (-) denotes the closure of a subset of X. The point-set boundary of such a subset 
will be indicated by (‘). Note that, for a submanifold B of N, B' is different from the manifold 
houndary 8 B of B. 
The Ricci curvature of the manifold N will be denoted RicN. It will be for us the function 
on TN defined by 
Ric,v(v) := c KN(c(v, ei)). 
,=I 
Here, v is a vector at x E N, {e,, e2, . , enfk- 1) is an orthonormal basis for the orthogonal 
complement of v in T, N, and CJ (v, ei) is the 2-dimensional span in T, N of v and ej. 
Before presenting the detailed proof of our results, we shall sketch its brief ideas. Our main 
tool would be: 
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Theorem 1.1. Suppose that the sectional curvature Kn of N is positive. Then, for any rela- 
tively compact region Q of N, there is another relatively compact region Q containing Q so 
that, given any piece of minimally immersed submanifold B possibly with boundary a B and 
given any point y in the region N - Q, any local minimum of the restricted function dj? I B 
must occur on a B. In particular, if 6’s = k?, then the function dr/B cannot have any local 
minima. 
For Ricci curvature, the usual averaging technique applied to the same proof as the above 
yields 
Theorem 1.2. Suppose that only the Ricci curvature of N is positive. This time. for any 
relatively compact region Q of N, there is another relatively compact region Q containing Q 
so that the same condition as Theorem 1.2 holds, provided that the minimal submanifold B is 
of codimension 1. 
Theorem 1.1 is due to Gromoll and Meyer [5] first for the case B is of dimension 1, i.e., a 
geodesic. The generalization to higher dimensions seems to have been observed first in [ 161. 
(Cf. also [6].) The fact that there are no compact minimal submanifolds M without boundary 
in N follows immediately from these theorems by contradiction by taking B := M. For our 
results, the proofs will proceed as follows. 
First of all, we suppose that N is of either strictly positive sectional curvature or strictly 
positive Ricci curvature and we assume, by way of contradiction, that there exists an immersed 
minimal submanifold M (a hypersurface if only the Ricci curvature is positive) bounded within 
a relatively compact region Q of N. Let Q be the set corresponding to Q as in Theorem 1.1 
and let y be a point in N - Q. We take the point q in the closure f(M)- of the image of M at 
the minimal distance from y. Next, we choose a sequence of points (pi}; i = 1,2, 3, . . . in A4 
which converge to q. For each i = 1, 2, 3, . . ., let Bi be a metric ball of suitably small radius 
in M centered at each of the points pi. 
In the case A4 is of dimension 1, Bi are geodesic segments and converge to the limit geodesic 
segment B,. Gromoll and Meyer applies Theorem 1.1 to this geodesic segment to obtain a 
contradiction to prove their unboundedness theorem for geodesics in N. In the first named 
author’s [8], we used geometric measure theory to obtain a limit minimal integral current B. 
However, to apply Theorem 1.1 or 1.2, we needed to prove some regularity results for the 
current B which were valid only in the hypersurface case. In the present paper, we will avoid 
the use of integral currents. Instead, we will show that if the basepoint y is selected suitably, we 
can work directly with the balls Bi and prove that if i is large enough, there will have to be a 
minimum for the function d: (B, in the interior of Bi . This will yield the required contradiction 
to Theorems 1.1 and I .2. 
2. Basic metric lemmas 
Let K be an arbitrary compact set in the complete noncompact manifold N. In [7], the first 
named author proved, 
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Lemma 2.1. fir each end E of N, there exists in N a geodesic c : [0, 00) --+ N crith 
c(O) E K and c(t) E E as t tends to 00 so thatfor any t E [0, w), the geodesic segment c([o,~~ 
is the minimal connection,from the point c(t) to the set K. 
The geodesic c may be thought of as the minimal connection from the set K to the end E. 
The same idea was discussed also by Shioya in [17]. In this paper, we shall refer to such a c 
as the “minimal ray” from K into E. It is constructed by taking the limiting position of the 
minimal connections from K to a sequence of points tending to a point at infinity in E. In 
addition. the minimal rays have the following property. 
Lemma 2.2. For each t E [0, oo), the foot c(0) cfu minimal ray from a compact .set K into 
UII end E is the unique point in K at the closest distance,from the point c(t). 
Proof. Without loss of generality, we may assume that c is parametrized by arclength. Then, 
for each t E [O. oo), dN(c(0). c(t)) = t, in fact 
dNc K, c(t)) = t 
By way of contradiction, assume that for some t E [O, oo), there is a point p # c(O) in K such 
that dN(p. c(t)) = t. Let y : [0, t] -+ N be one of the minimal connections from p to c(t). 
Then, for any i > t, the piecewise geodesic arc y CJ cI,~,~, has a nontrivial break point at t and 
thus can be shortened. Here, U denotes the concatenation of two arcs. Thus, 
dN(p, c(t)) < Length(y) + Length(cI[t, t]) = t + i - t = I, 
in contradiction to the fact that dN(K, c(i)) = i. 0 
Now, let Q be a region in the manifold N into which the the manifold A4 is immersed. We 
xct 
io := inf iN(x) 
.CE Q 
and assume that io > 0. Define a region II containing Q by 
U := {x E N 1 dN(x, Q) c i(j) 
We put 
Kj := sup K,,,, 
1: 
~0 := i”yf KN. 
With these notations, we recall, 
Lemma 2.3. Assume that ~1 cc 00 and ~0 > -cm. Then, we have the estimates 
(i) IPI < hl and 
(ii) 80 < KM 6 6 
bl,here 
hl = max {n(n - 1)~1 -SO. O}, 
6” = Kg - 2h,‘. 8, = K1 + 2h,‘. 
(2.1) 
(2.2) 
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Lemma 2.3 is a consequence of Gauss’ equation and was observed in Jorge and Koutroufi- 
otis [lo]. 
Next, we consider a geodesic y : [0, T) --+ M, y(O) = 9, in the submanifold. The value 
of T will be restricted later according to certain conditions. Define a function 
u : [0, T) + IR, U (0) 
u(t) := ; dN(y(O), y(t))! 
We also define for each real number K > 0 another function 
In [3], we have shown the following estimate. 
Theorem 2.4. If 
where ~1 is as in (2. l), then the function u of (2.3) satisfies 
on t E [0, T) 
Corollary 2.5. Let p and q be two points in M. Suppose that 
d”(p, q) < min 
Dejine 
Then 
dN(p, q) 3 {2[&, (d”(p, q)) - ;h, d”(p, q)3]}“2. 
In [3], we also offered a coarser estimate 
(2.3) 
(2.4) 
A,, (t> 3 t2 (i-g%) 
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3. Proofs of the main results 
In this final section, we will add our last set of assumption that either 
N is of positive sectional curvature, 
N is of positive Ricci curvature and of dimension 11 + I where n is 
the dimension of M. 
Assume that there is a minimal immersion f : M --+ Q of M into a bounded region Q of N. 
Then, the set-theoretic losure f(M)- of the image of M is a compact set. Therefore, we may 
find a minimal ray c : [O, co) - N from ,f(M)- into an end of N which we parametrize by 
arclength. Incidentally, notice that by virtue of a result in Gromoll and Meyer [5 1, in the present 
situation, N has only one end. Let q = c(O). Let 0 be the relatively compact region in N as 
described in either of the Theorems 1.1 or 1.2 for the present choice of the set Q. Fix a point 
.Y in the set 
(N - 0) n c([O, 00)). 
Wc put ?’ = c(r). 
Let 
where all constants are as in the preceding section. Take a real number r. 0 < I^ < T and let 
r() =: (2[A,.,(r) - $2, Y3]}“*. 
Choose S > 0 so small that 
0 < l-0 - 6. r+6<T 
and consider the “closed spherical shell” 
A =z @!Jq)- - B,;-,(q). 
Let 
t= .rEA$yMi_~ {@(.Y> x) - 5). 
Now, if a point p in M is so close to q that 
(3. I ) 
nN(p.q) -c 6, 
then for any point x E M with d”(p, x) = r, we have 
&q. x-) < dN(p. x) + dN(q, p) < r $- 6, 
&q. x) 3 dN(p. x) - dN(q. p) > ty) -- 6 
(3.2) 
by virtue of the triangle inequality and Corollary 2.5. Hence, for such p, the distance sphere in 
M satisfies 
j-W,!%)) c A. 
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Substituting from (3. I), we have 
@(Y, f@y<P>)) 3 r + c. 
On the other hand, the point p can be chosen arbitrarily close to 9 and if say dN(q, p) < e/2, 
dN(y, p) -c 5 + E/2. 
This means that the piece of the minimally immersed submanifold By(p) has a point in the 
interior which is at a closer distance from y than any of the boundary points. Consequently, the 
absolute minima for the function d,y IB~cP) must occur somewhere in the interior of BrM(p). 
This contradicts either Theorem 1.1 or 1.2 and proves our Theorems A and B. 
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